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ABSTRACT It is shown that the two exponential modes in dynamic scattering from ternary polymer mixtures 
cannot in general be identified with the interdiffusion and cooperative diffusion processes, contrary to recent 
suggestions in the literature. Conditions under which such an identification is possible are obtained. General 
expressions for the interdiffusion and cooperative diffusion coefficients associated with a given pair of 
components A and B in a ternary or in general in a multicomponent polymer mixture are obtained in terms 
of the partial mobilities p.8 and partial scattering functions Sa,&) of the A and B homopolymers. When the 
latter are expressed in terms of the bare mobilities and static structure factors by the random phase 
approximation, a new expression of the interdiffusion coefficient in an incompressible ternary mixture of A 
and B homopolymers in a matrix of C homopolymers is found in terms of the tracer diffusion coefficients 
of the three components in the mixture. It is shown that the results of the controversial “fast mode” and 
“slow mode” theories are obtained as the two limits of this new expression as a function of the concentration 
and bare mobility of the matrix. The approach used in the paper is compared with the Onsager formalism. 

I. Introduction 
The intermediate scattering function Sm(q,t) of a labeled 

component A in a ternary incompressible mixture of 
polymers consisting of species A and B in a matrix of ho- 
mopolymers c, or in a binary solution of A and B polymers, 
can be represented in the Markov limit by superposition 
of two exponentially decaying modes (bimodal relaxation) 
as 

(1) 
In the case of incompressible ternary mixtures, the bimodal 
relaxation is a consequence of the incompressibility 
constraint, which enables one to express the dynamics of 
one of the components, identified as the “matrix”, in terms 
of the dynamics of the other two components. In the case 
of binary polymer solutions, the bimodal relaxation arises 
from the large difference between the relaxation times 
characterizing the dynamics of the solvent and the 
polymers. Since the solvent relaxes much faster than the 
polymers, one is allowed to invoke the Markov limit and 
to eliminate the dynamics of the solvent completely. In 
a ternary mixture, the relaxation time of the matrix, which 
plays the role of the solvent in a binary solution, is 
comparable to those of the other two components. In this 
sense, the ternary mixtures and binary solutions of 
polymers correspond to two opposite extreme limits, even 
though they both are described by bimodal relaxation. 

A brief survey of the the literature relevant to the main 
theme of this paper is as follows: 

The dynamics of binary polymer solutions was studied 
by Akcasu et al.,l in 1984, using the linear response theory 
in the Markov limit, and the expressions of the decay 
constants d+ and d-, as well as the amplitudes A+ and A-, 
were obtained. Both the partial structure factors S,p(q) 
and the mobilities pap, which are needed to calculate d+ 
and d-, were calculated in the lowest order in polymer 
concentrations in dilute solutions, including both inter- 
and intrachain hydrodynamic interactions. The results 
were then used to investigate the concentration depen- 
dence of the apparent diffusion coefficient, which is 

Saa(q,t) = A+e-q2d+t + A-e-qzd-t 
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obtained from the first cumulant of the total dynamic 
scattering function S(q,t) = Saa(q,t) + S d q , t )  + %ab(q, t ) ,  
in the case of a binary solution of two components of the 
same species, differing only in their molecular weights. 
The same formalism was also used by Akcasu et al.,2 in 
1984, to study the dynamics of polyelectrolyte solutions, 
which also constitute a bimodal system. In this work a 
plasmon mode in the small -q limit is predicted. In 1987, 
Benmouna et al.,3 recalculated the decay constants and 
the amplitudes in eq 1, ignoring the hydrodynamic 
interactions in the calculation of the mobilities, but using 
the random phase approximation in the calculation of the 
partial static structure factors. They identified the two 
modes in eq 1 as the cooperative and interdiffusion modes. 
This identification of the modes has later been used in the 
interpretation of several scattering experimenb on binary 
polymer solutions, such as the recent work by Giebel et 
al.4 and Brown and Zhou.5 

The dynamics of binary polymer blends was studied by 
de Gennes,6J Pincus: Binder? and Akcasu et al.,l0 using 
the random phase approximation. In the last reference, 
the dynamics of a melt of diblock copolymers was also 
considered, and specifically the first cumulant of the 
dynamic scattering function was investigated as a function 
of the wave vector q and the Flory interaction parameter. 
In a recent paper, Akcasu and Tombakoglull studied the 
dynamics of polymer mixtures with an arbitrary number 
of components in a matrix of homopolymers, allowing the 
components to be homopolymers or parts of copolymers, 
stars, etc. They obtained, specifically, the expression of 
the mobility of a given component in the mixture, in terms 
of the “bare” system mobilities of all the components, and 
described the procedure to determine the dynamic scat- 
tering function in the interacting system in terms of the 
single-chain dynamic and static structure factors in the 
bare system. 

This paper is concerned with the identification of the 
two modes in a bimodal system in general, which may be 
a binary polymer solution or a ternary polymer mixture. 
Specifically, it addresses the following question. Can the 
two modes be identified as the interdiffusion and coop- 
erative diffusion modes? If not, how should the inter- 
diffusion and cooperative diffusion modes be defined in 
a multicomponent mixture? How are the interdiffusion 
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and cooperative diffusion Coefficients related to the decay 
constants of the two modes? Under what conditions can 
the decay constants d+ and d- be identified as the 
cooperative and interdiffusion coefficients exactly? 

Finally, is it possible to infer the interdiffusion and 
cooperative diffusion coefficient from a single dynamic 
scattering experiment on a labeled component, in which 
the decay constants d+ and d-, as well as the amplitudes 
A+ and A-, are extracted from the measured dynamic 
scattering function Saa(q,t) as a function of time at  different 
wavenumbers q? In addition, the question of expressing 
the interdiffusion coefficient in terms of the tracer diffusion 
coefficients of the components in a ternary mixture is also 
addressed within the framework of the mean field theory, 
which, in the context of polymer dynamics, is often called 
the random phase approximation (RPA). 

In the following several sections, we present the theo- 
retical developments, and the answers to the above 
questions are summarized in the last section. 

11. Theoretical Background 
The theory of a multicomponent polymer solution was 

presented by Akcasu et al.,' in 1984, within the framework 
of the Zwan~ig'eMori'~ projection operator formalism. 
In order to introduce the concepts relevant to the present 
problem, and the notations, we briefly summarize the 
results of their work, in the case of a system with two 
components. 

The number densjties of the components are expressed 
as a column vector p(Q) = colm [PA(Q),PB(Q)] where p,(Q) 
are the incremental number densities in Fourier space: 
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the projection operator in the Zwanzig-Mori formalism. 
These details and explicit calculations of Q(q) and 4(q,t) 
are not needed for the subsequent discussions. One of the 
reasons for introducing them here is to show that a 
microscopic expression of the diffusion matrix D in eq 3 
is available, once an appropriate operator L for the system 
under consideration is specified. In the case of multi- 
component polymer solutions 6 is conventionally chosen 
as the adjoint of Kirkwood's diffusion operator, which 
includes the hydrodynamic interactions through the Oseen 
tensor. In ref 1, the first cumulant and the mobilities 
were calculated by using this operator in eq 5. 

In the case of incompressible ternary polymer mixtures, 
an explicit form of the I operator is not available, and 
here the above microscopic description is of little value 
from the computational point of view. Therefore, one 
resorts to the random phase approximation, which enables 
one to study the dynamics of polymer mixtures in terms 
of the dynamics of a single chain in the mixtures.611 

The short-time behavior of S(q,t) is given1J4 by 

s(q,t) = e-'(q%(q) (8) 
which has the same form as its long-time behavior given 
in eq 3. Therefore, the following discussions are valid in 
both limits, by simply interchanging D and Q(q).  

We see from eqs 4 and 5 that D is in general not 
symmetric. However, it can be diagonalized by a similarity 
transformation 

QDQ-' = d (9) 
where d = diag [d+,d-1. It can be shown that the eigen- 
values are real. We assume, on physical grounds, that 
they are also positive. (These and other properties of the 
matrices D and Q are discussed in detail in Appendix A.) 
The eigenvalues are obtained by solving the quadratic 
equation 

(10) d2 - 2Da,d + ID1 = 0 
where 

Here is the position vector of the j th  particle (or 
monomer) of kind a = (A, B), Q is the wave vector, and 
Nu is the total number of particles (or monomers) of kind 
a in the system. The dynamic scattering matrix S(q,t) is 
then defined by 

S(q,t)  = (;(was) (2) 
where t denotes hermitian conjugation and the symbol 
(...) implies thermal average. In the Markov limit,I2 the 
time evolution of S(q , t )  is shown' to be governed by 

s(q,t) = e+D'S(q) (3) 
where D is the diffusivity matrix and S(q)  S(q,t=O) is 
the matrix of static structure factors. The diffusivity 
matrix is formally defined by 

(4) 

where Q(q) is the first cumulant matrix,I4 defined by 

Q(q)  = (;(Q)Gt(q))s-%7) ( 5 )  
and 1#4q,t) is the memory matrix, defined by 

dJ(q,t) = ( ; f (4,~)ft(4))s- ' (q) (6) 
In eq 5 ,  I is an operator operating on th_e particle positions, 
and it governs the time evolution of p(Q, t )  through14 

In eq 6, f(Q,t) is the random force appearing in the 
generalized Langevin equation, and its time evolution is 
governed by the modified operator (1 - P ) I ,  where P is 

A 4 , t )  = -LAW) (7) 

and 

The tran2formation Q is cor$ructed in terms of the eigen- 
vectors a+ = [l,a+IT and a- = [a-,1IT of D, with eigen- 
values d+ and d-, respectively, as 

(13) 

where CY+ = (d+ - Daa)/Dab a j d  CY- =_Dab/d- - Daa). The 
particular normalization of a+ and a- we have chosen in 
eq 13 is only for simplicity and has no physical content. 
Since D is not symmetric, the_ eigenyectors are not 
ortGogonal. T_he left e_igenvectors @+ and ,f3- are determined 

[-a+,1IT/(1 - a+a-),an_d the eigenvectors f f k  form an or- 
thonormal set, Le., @ j T a k  = 6 j k .  Expressing D as 

by ojTD = dj@jT as /3+ = [I ,  -a-IT/(1 - (Y?;(Y-) and & = 

j 

we obtain the modal expansion of the dynamic scattering 
function as 

S(q , t )  = [G+8+Te-92d+t + ~ ~ - T e - 9 ' d - ' ] S ( q )  (15) 
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= 540) (cf. eqs 19 and 20): 

j ( t )  = t+(o)G+e+d+t + t-(o)he+df (24) 

The point of this result is that the mean ualues ,(t) and 
&(t) of the number densities, and any linear combination 
of them, can be made to relax with a single exponential 
by adjusting their initial conditions represented by [+(O) 
and [-(O) in eq 24. For example, if we let [-(O) = 0 by 
choosing 

= a+pa(o) (25) 
then both &) and g(t) decay as exp[-q2d+t]. The 
condition &(O) = 0 implies that the normal mode char- 
acterized by [- is not excited in the mean. By multiplying 
eq 23 from the left by Q, the time evolution of the mean 
values of the normal modes is obtained as 

[ ( t )  = -q2dZ(t) (26) 
which is a set of two uncoupled diffusion equations for 
[+(t) and c(t), with the diffusion constants d+ and d-, 
respectively. Hence, by setting one of the initial values 
[+(O) and &(O) equal to zero, one excites only the other 
normal modes, as already pointed out above. The fact 
that the mean number densities can be made to decay 
with a single exponential by adjusting their initial con- 
ditions properly was used by Kehr et al.15 and Jilge et  al.,16 
in their computer studies of the transport properties of 
lattice gas models of alloys with two particle species. 

As a final remark, we note that the flexibility one has 
in the choice of the initial conditions of the mean values 
does not exist in the case of the relaxation of correlation 
functions, described by the dynamic scattering matrix 
S(q,t) given in eq 15. In this case, the initial correlations 
are characterized by the static structure matrix S(q), which 
is not under our control. It is, however, still possible to 
make only one mode visible, by adjusting the excess 
scattering length aj of the components in the total 
scattering function 

- 

f 

- 

I (q , t )  = rifS(q,t)ri 

where ri = [aa,ablT. 
For example the mode corresponding to the decay 

constant d- be made invisible by choosing aa and ab 
such that riTa-P-TS(q)ri = 0. In this case S(q,t) decays as 
exp[-q2d+t]. This idea was suggested and implemented 
by Benoit." It should be kept in mind, however, that the 
dynamics of the mixture, characterized by the decay 
constants d+ and d-, is not affected by which part of the 
system is made visible by adjusting the scattering lengths. 

IV. Interdiffusion and Cooperative Diffusion 

We now come to one of the main points of this paper: 
Can we identify the two normal modes as the interdif- 
fusion and cooperative diffusion modes? To answer this 
question one must first define the interdiffusion and 
cooperative diffusion processes in a ternary mixtures, in 
fact, in a multicomponent mixture in general. 

The interdiffusion process mediates the relaxation of 
thermal fluctuations in the relative local concentration of 
A and B molecules toward their equilibrium relative 
concentrations.l&22 The A and B Components may be 
dissolved into other components. The local relative 

which was the starting equation of ref 1. 
Before ending this section, we mention that the matrix 

Q introduced in eq 13 also diagonalizes, as shown in 
Appendix A, the staticstructure matrix S(q) by a congruent 
transformation 

Q S Q ~  = s (17) 
where s = diag [s+,s-1, with positive diagonal elements si. 
The positivity of the s j  follows from the fact that the static 
structure factor is a positive definite matrix (Appendix 
A). 

111. Normal Modes 

In this section we discuss the nature of the two 
exponential terms in eq 1. Therefore we perform thc 
following transformation on the number density vector p 

&t) = Q&) (18) 
wh5reJhe matrix Q is obtained directly from eq 13, as QT 
= [P+,B-]. Clearly, the components [+(t) and &(t) are linear 
combinations of p a ( t )  and pb(t ) ,  i.e. 

Thejmportant property of i(t) is that its correlation (z- 
(Q , t ) [+ ( i j ,O) )  is diagonal 

(g(t) 'p(o)) = Q O ~ ~ ~ S Q ~  
= Qe-P2DtQ-1QsQT 

(21) 
The conclusion 

and [+(Q,t) and [-(ij,t) are the eigenmodes of the system. 
They arestatistically uncoupled at all times. Toelaborate 
on the last point, we consider the time evolution of the 
mean number densities within the linear response theory: 

i(t) = -q2D;(t) (23) 
which is a set of two coupled diffusion equations, so that 
the - time evolution of G(t) is always coupled to that of 
p b ( t ) .  The mean values in eq 23, denoted by overbars, 
refer to the average over the realizations during the 
stochastic evolution of the system (in th_e Langevin sense), 
starting from a given initial condition p ( 0 ) .  The solution 
of eq 23,b(t) = exp[-q2Dt]i(0), can be written as a sum of 
two exponentials using the expansion of D in eq 14, in the 
same way as the expression of S(q,t)  in eq 15. In fact, it 
can b_e written directly from $q 1_5, by replacing e(q) in 
it by p ( 0 )  and observing that P+Tp(0)  = [+to) and p-Ti(0) 



Macromolecules, Vol. 24, No. 15, 1991 

concentration of the A component is defined by 

(27) 

where pjo = (Nj/  V) is the equilibrium number density of 
the j th  component and pj(i,t) are the fluctuations about 
the mean. Clearly, c a ( i , t )  + Cb(F,t) = 1. The concentration 
fluctuation 6ca about the mean pao/(pao + pm) is obtained 
from eq 27, in the linear approximation, as 

6ca(Q,t) = X,XbP-(Q,t )  (28) 
where X j  = N j / ( N a  + Nb) is the relative fraction of the j th  
component, and 

pa0 + p,( i , t )  

pa0 + pa(i,t) + pb0 + pb(P,t) 
ca(i , t)  = 
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Le., the relaxation of the dynamic scattering function 
S- -(q,t) defined in eqs 32 and 33. If the interdiffusion 
process were a pure mode, S--(q,t) would relax with a 
single exponential as 

(35) 
where the static structure factor S- -(q) is obtained from 
eq 33 explicitly as 

S- -(q,t) = e-QzDb*S- -(q) 

with 
1 1  

Thus, the interdiffusion process is related to the relaxation 
of p-(Q,t), which is the particular linear combination of 
the number densities pa(Q,t) and pb(g,t), given in eq 29. 
This linear combination, however, is different from either 
of the two linear combinations, defining the normal modes 
as in eqs 19 and 20. Hence its dynamic scattering function 

s- -(Q,t) = (p-(Q,t )p-(Q,O))  (32) 
will be a linear superposition of the two pure modes. 
Explicitly, S- -(q,t) can be calculated as 

s- -(q,t) = ETS(q,t)E (33) 
where S(q,t) is given in eq 15. In the case of a multi- 
component mixture containing more than two components, 
the concentration fluctuation Gc,(Q,t) is still proportional 
to p-(Q,<). In this cgse, p- is still obtained from the density 
vector p as p- = P p ,  but now = [ l / N a ,  -1/Nb, 0, 0,  ...I. 
The dynamic scattering function S- -(q,t) is also given by 
eq 33 with the extended 2. It  is clear that S(q,t) in the 
general case will contain as many exponentials as the 
number of components. 

Similarly, the cooperative diffusion process is related 
to the relaxation of the total number density of fluctuations 
of the A and B components toward the average total density 
Pa0 + PM, as 

(34) 
This combination is also different from those correspond- 
ing to the normal modes. Hence, we conclude that the 
two modes in dynamic scattering from bimodal systems 
cannot be identified, in general, as the interdiffusion and 
cooperative diffusion processes. I t  should be noted that, 
whereas the normal modes are independent of each other, 
the interdiffusion and cooperative modes are in general 
statistically coupled. There are, however, some special 
cases in which the latter two modes are uncoupled. We 
illustrate these cases with examples in the following section. 
Having unambiguously defined what is physically meant 
by the interdiffusion and cooperative diffusion processes, 
we now come to the definitions of the diffusion coefficients 
associated with them. 

We first consider the interdiffusion coefficient, which 
is related to the relaxation of fluctuations in the local 
relative concentrations of a pair of components A and B, 

p+(Q,t)  = pa(a , t )  + Pb(Qtt) 

n 

But it is not a pure mode, and its relaxation is bimodal, 
as shown in eq 33 or below, explicitly: 

S- -(q,t) = ETe-PZD'S(q)E (37) 
A natural definition of the interdiffusion coefficient 
emerges if we try to approximate the bimodal relaxation 
by a single exponential in eq 35. Hence, by matching the 
initial relaxations of eqs 35 and 37, we obtain 

where S and S-- are the long-wave limits of S(q) and 
S- -(q). It is convenient to introduce the mobility tensor 
p through 

D = kBTp8-l (39) 
at this stage and express Di, as 

or explicitly 

This is a novel definition of the interdiffusion coefficient 
in terms of the partial mobilities pa@ and partial structure 
factor Sora of the A and B components in the mixture. It 
is valid in the case of both multicomponent polymer 
solutions and multicomponent mixtures of polymers. In 
the former case, microscopic definitions of the partial 
mobilities are available in eq 4. In the latter case, pop can 
be expressed in terms of the mobilities in the bare system 
within the framework of the random phase approximation, 
as we show in a later section. 

We note that Din in eqs 40 and 41 is expressed as a 
product of a kinetic factor 

Ain kBTETpE (42) 
and a thermodynamic factor (l/S- -), as conventionally 
done in the literature.1e21 In the conventional definition, 
the kinetic factor is given by the Green-Kubo formula 

(43) 
where J ( t )  is the longwave limit of the longitudinal in- 
terdiffusion current: 

Here, o:(t) and u$t) denote the longitudinal velocities of 
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Q(q) q2kB%(q)s-'(q) the particles (or monomers) belonging to components A 
and B. It is clear that the interdiffusion current is the 
relative velocity of the center of mass of the two compo- 
nents in the mixture. Since J ( t )  can be written as 

where Z&) is the longitudinal component (e.g., the 
z-component) of the vector separation distance Rin between 
the center of mass of components A and B, i.e. 

where 2; denotes the position vector of particle (or 
monomer) i of kind cy, we have an alternative, and perhaps 
more physical, definition for the kinetic factor Ai, as 

in terms of the mean square displacement of the vector 

We now show that the conventional definition of the 
kinetic factor Ai, in terms of the interdiffusion current 
correlation function, in fact, coincides with its present 
definition in eq 42. Starting from eq 43, we express Ai,, 
in Appendix B in terms of S- -(q,t) as 

Rin( t ) .  

1 dS--(q,t) 
Ai, = -1im lim- (44) 

t-- q*$ dt 
where the order of the limits is not interchangeable. This 
relation is derived from the Liouville equation and the 
time reversibility. Since eq 44 involves the large-time and 
small-q limit of S- -(q,t), we use the expression of the latter 
given in eq 37, which is valid in the Markov limit, and 
obtain Ai, = @'DSE, Le., the result in eq 42. 

Before ending this discussion, we remark that the 
definitions of the interdiffusion coefficient for a given pair 
of components in a multicomponent solution or mixture 
of polymers is probably not unique. The particular 
definition we have proposed in this paper seems to be the 
most natural one and is consistent with the conventional 
definition. As shown in the later sections, it reduces to 
the unique definition in the case of our incompressible 
binary mixture, in which the interdiffusion becomes the 
only normal mode of the mixture in the Markov limit. 

Another remark is about the distinction between the 
long- and short-time interdiffusion coefficients. If one 
uses in eq 37 the short-time approximation to S- -(q,t) 
defined by 

S- -(q,t) = ETe-OW(q)E  (45) 
where Q ( q )  is the first cumulant matrix, instead of its 
Markov limit given in eq 37, to calculate the interdiffu- 
sion coefficient, one obtains the definition of the short- 
time interdiffusion coefficient: 

1 ETQ(q)S(q)E 
Df," = lim - 

q+ q 2  s- -(q) 

Introducing the short-time mobility matrix m(q) through 

we obtain 

where m is the small-q limit of m(q). This is different 
from the long- time interdiffusion coefficient Di, defined 
in eq 40 in terms of the long-time mobility matrix p. In 
general, one defines the short-time diffusivity as 

1 
D,, = lim -Q(q) 

9-0 q 2  

(see eq 8), which is different from the long-time diffu- 
sivity matrix D because of the neglect of the memory term 
in eq 4. The latter involves the Markov limit of S(q,t) as 
q - 0, t - a with a fixed q2t, whereas eq 8 describes S(q,t) 
for short times. D$ and Dh are often used in the study 
of the dynamics of polymer solutionslas an approximation 
to Di, and D, because of the difficulties in the calculation 
of the memory matrix in eq 4. 

The cooperative diffusion process is responsible for the 
relaxation of the thermal fluctuations in the total number 
density of a given pair of A and B components toward ita 
uniform equilibrium distribution. The diffusion coeffi- 
cient D,, associated with this process is obtained as the 
initial slope of S+ +(q,t) (p+(Q, t )p*+(Q, t ) )  where p+(ij,t) 
= pa(4,t) + pb(4,t) is the total cumber density. Introducing 
hT = [1,1] so that p+(Q,t)  = h T p ( 4 , t )  and following the same 
arguments we used to define the interdiffusion coefficient, 
we obtain 

P p z  

* ZTSZ 
D,, = k T- 

or explicitly 

paa + pbb + 2pab 

+ sbb + 2sab 
D,,=k T 

(47) 

This formula was used by Akcasu et al.,l to calculate D,, 
in the case of a dilute solution of A and B polymer chains 
differing from each other only in their molecular weights. 
They investigated the concentration dependence of D-, 
which they called the apparent diffusion coefficient, in 
the lowest order in concentration, including the effect of 
hydrodynamic interactions. 

The dynamic scattering functions S+ +(q,t), S- -(q,t), 
and 

s+ -(q,t) = (p,(Q,t)p-(-Q,O)) (49) 
are intimately related to the number-number (NN), 
concentration-concentration (CC), and number-concen- 
tration (NC) structure functions S"(q,t), Scc(q,t), and 
SNc(q,t) discussed by Bhatia et al.25124 These structure 
functions are defined as 
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(53) 

scc(q$) = N(xoXb)2S- -(G!,t) (54) 

SNC(q,t) = xoxbs+ -(q)t) (55) 

1 
sN,(q,t) = #+ +(q,t) 

are found. Here, N = Na + Nb and Xa = Na f N, x b  = 1 - 
x.. Notice that the Bhatia structure factors are intensive 
quantities. The analysis of neutron and X-ray scattering 
data from molten salts in terms of these structure factors 
has been proven to be quite 

V. Simple Examples of Binary Mixtures 
In the last section, the general concepts and definitions 

of the interdiffusion and collective diffusion processes in 
mixtures have been given. These concepts can now be 
discussed for a variety of systems. In this section we 
consider very simple examples of binary mixtures of 
spherical particles for which the diffusion coefficients can 
be obtained without approximations. This allows for a 
clear illustration of the general concepts. The following 
section is concerned with diffusion in polymer mixtures. 
For these complex systems, approximate schemes are 
needed for the calculation of the interdiffusion and 
cooperative diffusion coefficients. Such a scheme is the 
random phase approximation, which we will discuss in 
the following section. 

Let us consider a binary mixture of spherical particles, 
such as aqueous suspensions of polystyrene spheres or 
silica particles dispersed in an organic solvent. In the 
Markovlimit, the dynamics of a binary mixture is described 
by the matrix S(q,t) = A+e-pw+t + A-e-pwL of dynamic 
partial structure factors. The matrix S(q,t) can be 
expressed in terms of the mobility matrix and the matrix 
S(q)  of static partial structure factors as 

s(q,t) = . l [ [ k B T p  - d-S(q)]e-p'd+t t d+ - d- 
[d+S(q)  - k e T ~ ] e ~ ' ~ - ~ ]  (56) 

This equation can be obtained directly from the matrix 
equation (15), but it is easier to determine the amplitudes 

S(q) = A+ + A- 

A+ and A- by 

k,Tp = d+A+ t d-A- (57) 
The last equation follows from 

(58) 

Equations 56 and 58 are quite useful in our further 
discussion. We discuss now successively four examples of 
binary mixtures. 

a. Binary Mixture of Noninteracting A and B 
Particles. In this trivial example one readily obtains that 
pa@= 6a@cDa0f kBT, Sa,dq) =Na6a8,andD~=Da08a8,where 
Dao = kBTf ta denotes the Stokes diffusion coefficient of 
a particle of kind a with friction coefficient ta. From eq 
3 follows 

d 
;itS(qtt)l,=O = -q2kBTC( 

~,,(q,t) = 6aflae+D*ot (59) 
which identifies the two decay constants d+ and d- as d+ 
= Dao and d- = Obo. Not surprisingly, the two normal 
modes are identified as the tracer diffusion of the A and 
B particles, respectively. 

The kinetic coefficient Ai, is calculated with eq 42 as Ain 
= DaOfNa + DbOfNb. The interdiffusion coefficient is 
obtained, using eq 40 and S--(q) = 1 f Na + 1 f Nb, as the 
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fast mode relation 

D, = xp: + x,$: (60) 
Using s+ +(q) = No + Nb and Amp kBl"eTpk = NaDoO + 
N a b o ,  eq 48 gives the cooperative diffusion coefficient 

D,, = x,$: + xp; (61) 
as a weighted sum of the two tracer diffusion coefficients. 
It should be noted that both the probability density Pi,- 
(&,,t) of the relative vector &, between the center of 
masses of A and B particles and the probability density 
Pcoop(Bc,t) of the position vector 

of the overall center of mass are solutions of the same 
diffusion equation 

with P = Pi, or P = PmY Thus, the mean-squared 
displacement of ai, and R, is given as 

([B,(t) - & , ( 0 ) l 2 )  = ( [R, ( t )  - R,(o)I2) = 6 4 , t  (63) 
Equation 62 is obtained from the N-particle diffusion 
equation 

of noninteracting particles together with 

and a similar equation for Pm,,(R,,t). Here, f i N  = (RY, ..., 
Rka; R!, ..., "2. The dynamic scattering functions S+ +, 
S- -, and S+ - are also easily calculated as 

s+ +(q,t) = Noe-p'Dnot + NbeqZDbot (67) 

s +-Q, ( t 1 = e-p*Dnot - ellzDbot (68) 

Summarizing we have seen that the binary mixture of non- 
interacting particles provides a trivial example of a system 
where the two normal modes cannot be identified as in- 
terdiffusion and cooperative diffusion. 

b. Binary Mixture without Interaction between 
Particles of Different Kinds. In such a mixture is 
Sab(q,t) 0, i.e., the statics and dynamics of the A particles 
is completely decoupled from the dynamics of the B 
particles. Especially it is seen that the pair correlation 
function gab(r) is identically equal to one. With the help 
of eq 58 it follows also that p,,b = 0. According to eq 39, 
the diffusivity matrix D is diagonal with components Da@ 
= 6aPkBTPaa f Sa,, where Sa, is the long-wavelength limit 
of Saa(q). This gives the main result 

d + = k  F*=Da (69) sa, coop 
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(78) 1 S- -(q,t) = - exp(-q2D:t) 

Here, DL,  denotes the cooperative diffusion coefficient 
of the monodisperse solution of B spheres, where the few 
A spheres have been removed. The tracer diffusion 
coefficient of an A sphere in the mixture is denoted by 
De. From eqs 77 and 78 it is seen that d+ = D,, = 

and d- = Din = D:. Alternatively, we could have 
D"8 use t h e general expressions (41) and (48) to calculate the 
interdiffusion and tracer diffusion coefficient in the 
mixture. For example, it is readily found that S- -(a) = 
l/Na and with the Green-Kubo formula, eq 43, the result 
NaAb = J,"dt ( u ~ ( t ) u ~ ( O ) )  = D: is obtained. Here, uf is 
the longitudinal component of the velocity of a particle, 
say particle 1, of kind a. Equations 77 and 78 also follow 
from the results of example (b) in the limit Na/Nb - 0, 
provided that the A particles do not interact with B 
particles. 

We have presented here a system where the two eigen- 
modes can in fact be identified with the cooperative 
diffusion process and the interdiffusion process. We will 
now give an example where this identification holds for 
arbitrary ratios Na/Nb. 

d. Binary Mixture of A and B Particles Which 
Differ Only in Labeling. In this case all N = Na + Nb 
particles are statistically equivalent and, especially, all 
three partial radial distribution functions are equal to each 
other; i.e., gaa(r) = gbb(r) = go&). It easily follows that 

Na 

g 

Sa&q,t) = - xaxsN)G(q,t) + ~ , x g S T ( q , t )  (79) 
where G(q,t) = (eiQ*[R(t)-R(o)l) is the self-structure factor of 
a particle with position vector 2, with G(q,O) = 1, and 

Here, DL,  denotes the cooperative diffusion coefficient 
of the system of a-particles, in which the presence of 
particles belonging to the other species is not felt. As 
expected, it is found that the mutually independent 
cooperative diffusion processes of A and B particles 
constitute the two normal modes. 

The kinetic coefficient is found to be 

and with eqs 40 and 48 follows 

and 

The dynamic scattering functions are 

Thus, the interdiffusion and cooperative diffusion coef- 
ficient of the mixture are linear combinations of D k p  and 
Dk,, weighted with the long-wavelength static scattering 
functions Sua. We have provided here another example 
of a system in which the two normal modes cannot be 
identified as interdiffusion and cooperative diffusion. 
Obviously, example (a) follows from (b) as a limiting case 
of vanishingly small number densities; i.e., for Na/ V -  0, 
a = U, b, where SaB(q) -.+ Na6aB, D:mp - Duo, and pup 
N8aoba8/ ~ B T .  

c. Binary Mixture of B Particles and a Vanishingly 
Small Amount of "Tracer" Particles A. A possible 
realization of such a mixture is an aqueous suspension of 
small polystyrene spheres in which a tiny amount of 
strongly scattering large spheres has been dissolved. The 
tracer diffusion in such samples has been studied quite 
recently both experimentally and theoretically.B*27 

We assume that the influence of the few A spheres on 
the statics and dynamics of the B spheres is negligible. 
Thus, e.g., the pair correlation function gbb(r) describing 
the correlations of pairs of B spheres is essentially equal 
to the pair correlation function of a monodisperse system, 
in which all A particles have been removed. The pair 
correlation functionsg,b(r) andg,(r), however, are strongly 
dependent on the concentration and interaction param- 
eters of the B spheres. Since No << Nb it is found that 
s+ +(q,t) - Sbb(q,t) and s- -(q,t) = Ga(q,t)/Na where 

G,(q,t) = (exp(iiXR(t)-R(O)l)) (76) 
is the dynamic self-structure factor of an A sphere, say 
sphere 1. In the Markov limit, one finds 

(77) s+ +(q,t) = sbb(q) exp(-q2Dtmpt) 

is the total dynamic structure factor of the statically and 
dynamically monodisperse system. The partial dynamic 
structure factors reduce in the Markov limit to 

where DE is the tracer diffusion coefficient of a particle 
and D,, denotes the cooperative diffusion coefficient. 
Furthermore we find 

S+ +(q,t) = ST(q)e-QZD-' (83) 

s+ = 0 (84) 
Thus, it follows the indentification d+ = D,, and d- = 
Din = De. The eigenmode with decay constant d+ can be 
identified as cooperative diffusion. The eigenmode with 
corresponding decay constant d- describes the interdif- 
fusion process, which, in this example, is identical with 
the self-diffusion process. That Din = De is to be expected 
since there is no correlation between fluctuations in the 
local total number density p+ and fluctuations p- in the 
local relative concentration of the two species, as stated 
by eq 84. Therefore, the particle exchange between the 
two species is driven only by tracer diffusion. 

The general expression (41) can also be used to express 
Din in terms of the mobilities and long-wavelength partial 
structure factors. With eq 58, the mobilities are obtained 
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to be 
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coefficients by pO,, = N u / [ ,  regardless of whether the 
monomer interactions are present or not. The friction 
coefficients [, enter the Rouse dynamics as parameters 
that must be specified as an input from elsewhere. Hence, 

and D, are usually interpreted as the friction coefficient 
and the tracer diffusion coefficient of a monomer of the 
ath kind in the actual interacting mixture. They therefore 
depend implicitly on the composition and the tempera- 
ture of the mixture. Experimentally, one measures the 
tracer diffusion coefficient 0% = D,/pa, where p a  is the 
number of monomers (or statistical segments) in a chain 
of kind a. 

We now discuss the implications of eq 90, which is a new 
result. Perhaps the most interesting feature of this result 
is that it contains the results of both the slow modes-10 
and fast mode t h e ~ r i e s , ~ ~ J ~ * ~  as two limiting cases. The 
slow mode result follows when the matrix mobility pocc is 
much smaller than the sum of the mobilities of the other 
two components: 

Also from eq 41 it follows that D b  = D'and with the Green- 
Kubo formula, eq 43, the result Di, = S i d t  (u(t )u(O))  is 
obtained, where u is the longitudinal velocity of a pmticle. 

The diffusivity matrix follows from eq 39 as 

Obviously, Dab # Dt,,, unless Xa = X b  = '12. 
We have shown that for a mixture of two species of 

particles, which differ only in labeling, the two normal 
modes can be identified as coooperative diffusion and in- 
terdiffusion. The interdiffusion mode, however, is here 
identical with the tracer diffusion mode. In a later section 
we will show that this essentially constitutes the only 
system with d+ = D,, and d- = Di,,, for arbitrary ratios 

In this section, only mixtures of spherical particles were 
considered. The following section deals with the diffusion 
processes in ternary mixtures of homopolymers. The in- 
terdiffusion and tracer diffusion coefficients are calculated 
within the framework of the random phase approximation 
(RPA). 

VI. Calculation of the Diffusion Coefficients with 
RPA 

In this section we consider an incompressible ternary 
mixture of A and B homopolymers in a matrix of c ho- 
mopolymers. It has been shown recently by Akcasu and 
Tombakoglull that within the framework of the RPA the 
mobilities pap can be expressed in terms of the mobilities 
poap in the bare system as 

Na/Nb. 

1 ] (88) 

with a similar expression for pbb. The "bare" system is 
defined" as the one in which the monomer-monomer 
interactions are not present, but the chain connectivity is 
maintained. The mobilities po,p are related to the tracer 
diffusion coefficients in the bare system by 

where N ,  is the total number of particles (monomers) 
belonging to the ath component, D, = kBT/[, is the tracer 
diffusion coefficient of a monomer (the segmental diffusion 
coefficient), and [, is the friction coefficient of a monomer 
in the mixture. This result is obtained by adopting the 
Rouse model for the dynamics of a single Gaussian chain 
in the mixture. 

The substitution of eqs 87 and 88 into eq 41 yields the 
kinetic factor Ai,, as 

The D c  in eqs 89 and 90 are, in principle, the tracer 
diffusion Coefficients in the bare system, in which the 
monomer-monomer interactions are not present. But, in 
Rouse dynamics, the mobilities are related to the friction 

Then, eq 90 yields 

where N = Na + Nb and X ,  = N u /  (Na + Nb). The condition 
in eq 91 is automatically satisfied when the matrix is 
removed, i.e., Nc - 0, so that one is left with an 
incompressible mixture of the A and B components. The 
slow mode result was obtained initially for a binary 
incompressible mixture using the RPA. However, eq 90 
indicates that the slow mode result is still valid even in 
the presence of a thud component, i.e., the matrix, provided 
the unequality in eq 91 holds. 

The fast mode result is obtained when the last term in 
eq 90 is negligible as compared to the sum of the first two: 

The condition for the validity of this result can be obtained 
by comparing the magnitudes of the neglected term to 
that of the remaining ones. 

(94) 

This condition is satisfied when the number of the matrix 
particles is much larger than the total number of A and 
B particles, or when the friction coefficient tC of the matrix 
particles is much smaller than the friction coefficients [ a  
and [t, of the A and B particles. This situation is similar 
to a solution of the A and B components, in which the 
solvent plays the role of the matrix in the ternary mixture. 
As we pointed out earlier in the introduction, the bimodal 
relaxation in such a solution is due to a clear separation 
of the relaxation times of the polymers and the solvent. 
The condition in eq 94 is indeed an expression of the 
qualitative requirement that the relaxation of the matrix 
is much faster than the relaxation times of the A and B 
components. Hence, when eq 94 is satisfied the incom- 
pressible ternary mixture behaves "like" a solution, and 
the fast mode result is valid when this solution-like 
behavior prevails. 

The calculation of the thermodynamic factor 11s- - in 
eq 38 requires the expressions of the partial structure 
factors Sap(q) in the small-q limit (see eq 37), in the 
framework of the static RPA in terms of the single-chain 
static structure factors and the Flory interaction param- 
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eters. These calculations are standardS3l and will not be 
repeated here. We reproduce the necessary formulas in 
Appendix C and present the expression of Din in the above 
two limiting cases. In the limit N,D, - 0, we obtain the 
known result9J0$29 
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reduces to eq 61 obtained for noninteracting Brownian 
point particles, when P a  = Pb = 1. 

VII. Calculation of the Decay Constants with the 
RPA 

the quadratic equation 10: 
The decay constants d+ and d- in eq 15 are the roots of 

d, = D,, f (D,: - lD1)"2 (103) 
We first express d+ and d- in terms of the components of 
the mobility matrix p and the static structure factor matrix 
S using D = kBTpS-*. To compress writing, we absorb 
kBT in p as A kBTp. The components of A are the 
conventional Onsager coefficients. The elements of D are 

where 0% is the tracer diffusion coefficient of an ath 
polymer chain and Kab is the Flory interaction parameter 
normalized by the volume V of the system (see Appendix 
c). Hence NKab can be interpreted as the interaction 
parameter per segmental volume us = V / N ,  assuming that 
the segmental volumes of the various species are the same. 

In the limit N,C,- -,the full expression of Din including 
interactions among the polymer species is too lengthy to 
be written down here and is not essential for our discussion. 
Therefore, we only present the result in the absence of 
interactions 

which reduces to eq 60 when Pa = Pb = 1, Le., in the case 
of point particles. 

We not consider the cooperative diffusion coefficient 
defined in eq 48 in the case of an incompressible ternary 
mixture. Due to the local incompressibility constraint Pa 
+ P b  + Pc  = 0, Dcmp can be written as 

(97) 

where S,, is the long-wave limit of the static correlation 
function S,,(q) of the matrix and pcc is its mobility. In the 
RPA 

(98) 
1 1  1 -=-+ 

1.1'~~ + pobb 

and 

1 2 K a b ]  (99) 

where 

A = (& + (& + ' b b )  - uab (100) 

Notice that SaaSbb - s o b 2  = l /A .  We shall present the 
results again in the two limiting cases. In the bulk limit 
N,D, -. 0, we find S,, -. Ncpc and p,, - NcD,/ kBT so that 

D,, = 0,' 
i.e., the cooperative diffusion coefficient approaches the 
tracer diffusion coefficient of a matrix molecule when the 
concentration of the matrix component becomes very 
small. I t  should be pointed out, however, that the 
amplitude of the mode, which coincides with the coop- 
erative mode in the bulk limit, vanishes, and the dynamic 
scattering function relaxes exponentially as exp[-q2Dint]. 

In the limit N,Dc - -, and again in the absence of 
interaction, Le., u , ~  = 0, one easily obtains 

which is the expected linear superposition of the tracer 
diffusion coefficients in solution when the chains do not 
interact with each other. We again observe that eq 102 

Isl saasbb - (104) 
As pointed out earlier, D is not symmetric. The Dav (see 
eq 11) and [Dl appearing in eq 103 are 

Since Aa@ and Sub are expressed in the RPA in terms of 
the interaction parameters K,@ and the bare system 
mobilities Aoap and structure factors Soa@, the decay 
constants d+ and d- can be obtained from eqs 103-105 by 
simple but tedious arithmetic for an arbitrary incom- 
pressible ternary mixture. Here, we shall present the 
results only in the same limiting cases we considered above 
in the calculation of the diffusion constants. 

In the bulk limit of N,D, -. 0 we find 
1 1 14 = N P , [  N,D, + j$--Ji]-' 

l s l = N c P c [ N g , + N g , -  1 1 2 K a b ] - 1  

so that 

ID1 = DFDin(bulk) (107) 
where Din(bulk) is the interdiffusion coefficient in the bulk 
limit, which was calculated in eq 95. The D,v is obtained 
in this limit as 

(108) 

Substituting eq 107 and 108 into eq 103 yields the decay 
constants as d+ = DF and d- = Din(bu1k). Hence, in this 
limit the decay constants coincide with the cooperative 
and interdiffusion coefficients. As we pointed out earlier 
the amplitude of the mode corresponding to the cooper- 
ative mode vanishes, so that in a dynamic scattering 
experiment on an incompressible binary blend only the 
interdiffusion mode is present. 

In the opposite limit N,D, - -, and in the absence of 
interactions, A,, = Aoaa = Nap& Aa,q = hO,@ = 0, S,, = 

1 D,, = - 2 [Df + Din(bulk)] 
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So,, = N s , ,  and Sag = SO,g = 0, the calculations are simple 
and yield 2Dav = DX + D! and ID1 = DXD!. Hence, eq 103 
yields d+ = 0,’ and d- = D! (or vice versa), which implies 
that in this limit the two modes correspond to the 
relaxation of the components of A and B independently; 
i.e.,S,g(q,t) = b,aaaexp[  -q2D%t]. (This result becomes 
identical with that in eq 59 when Pa = Pb = 1.) Although 
this limit is trivial, it shows that the decay constants d+ 
and d- are not longer the same as the cooperative and 
interdiffusion coefficients we calculated in eqs 102 and 
96, respectively. This observation brings us to the next 
question. 

VIII. Conditions for the Identification of the 
Normal Modes as the Cooperative Diffusion and 
Interdiffusion Modes 

In this section, we want to address one of the questions 
raised in the Introduction concerning the conditions on 
the dynamic and static properties of a ternary mixture 
under which the normal modes of the system coincide 
with the interdiffusion and cooperative diffusion modes. 
The normal modes are characterized by [+(q,t) and [-(q,t), 
which are defined in eqs 19 and 20, and by the interdif- 
fusion and cooperative diffusion modes p-(i j , t )  and p+- 
(Q,t)  introduced in eqs 29,30, and 34. Hence, we want to 
find the conditions under which p+( i j , t )  and p-(ij ,t) are 
proportional to [+(a$) and &(ij,t), respectively, for all t. 
Since the fluctuations of the normal modes are uncoupled 
in the sense that ( [+(Q,t ) [ - (Q,O)> = 0 holds for any t (see 
eq 221, the desired conditions are obtained from the 
requirement that (p+(Q,t)p-(Q,O)) = 0 mu$ hold at  all times. 
Usingp+(Q,t) = ZTp(ij,t) and p-(Q,O) = p p ( i j , O ) ,  we rewrite 
this requirement as 

ZTe+%(q)E = o (109) 
for all t. Evaluating eq 109 at  t = 0, we obtain the condition 
on the static properties of the mixtures as ZTS(q)E = 0 or 
explicitly 

(110) 

which must hold for all q and any ratio of Na/Nb. We 
shall investigate the physical implications of this condition 
on a polymer mixture presently. For a binary uncharged 
atomic fluid, it is easy to demonstrate that the long-wave 
limit of eq 110 implies equal thermodynamic partial molar 
volumes of both species.25 

In order to obtain the condition on the dynamic 
properties we differentiate eq 109 with respect to time 
and evaluate the resulting equation at  t = 0. The result 
is ZTDS(q)E = 0, and in terms of the mobilities D = 
k~TpE4-l this gives ZTpE = 0. We note that we consider 
only the q - 0 limit in the definition of the mobilities. In 
terms of the partial mobilities, ZTpE = 0 becomes 

s a a ( q )  + s a b ( q )  - s b b ( q )  + S a b ( q )  - 
Na N b  
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the conditions in eqs 110 and 111: 

(111) 

which, also, must hold for any ratio NafNb. 
When the interdiffusion and cooperative diffusion 

modes coincide with the normal modes, Le., when the 
conditions in eqs 110 and 111 are satisfied, we have d- = 
Din and d+ = DCoop. Hence, using these conditions in eqs 
41 and 48, we obtain the following simplified expressions 
ford- = Din and d+ = D,,, in a polymer mixture satisfying 

Using eqs 112 and 113, the diffusivity matrix D can be 
expressed in terms of Din and Dmp. The result for D is 
given by eq 86, with Ds replaced by Dj,,. We point out that 
these results are not based on the RPA and are valid in 
any multicomponent solution or mixture of homopoly- 
mers. 

In order to investigate the physical implications of the 
condition on the partial static structure factors given in 
eq 110, we write Sag(q) for small q explicitly as 

neId3ReiQ*R[g,e(R) - 11) (114) 

where PD(x)  is the conventional Debye function and g a r  
(R) is the pair correlation function of the center of masses 
of a pair of a and /3 chains with a,/3 = a or b. The ng is 
the density of the monomers of kind 0 (we adopted Gauss- 
ian chain statistics in the calculation of the single-chain 
static structure factors, for simplicity). Using eq 114 in 
eq 110 and requiring that the resulting equality must hold 
for any q and any concentration of A and B polymers, we 
find that P a  = pb, R G a  = R G b  and gaa(R) = gbb(R) = g a b ( R )  
must hold in order that the normal modes of the mixture 
coincide with the interdiffusion and cooperative diffusion 
modes. Physically, these conditions imply that the equi- 
librium properties of the chains of the A and B components 
must be identical. 

The discussion of the physical implications of the 
condition on the dynamic properties given in eq 111 is 
more involved because it requires a model for the operator 
lsc in eqs 5 and 6, which governs the time evolution of the 
system. In the case of a binary polymer solution, f is 
customarily chosen as the adjoint of Kirkwood’s gener- 
alized diffusion operator. In this case it is possible to 
show that the condition in eq 111 requires the friction 
coefficients [ a  and [ b  of the monomers of the components 
to be equal to each other, in addition to the static conditions 
we stated above. Since the derivations are somewhat 
involved, we prefer not to include them here. 

In the case of incompressible ternary mixtures of 
polymers (without any solvent) a detailed microscopic 
description of the dynamics of the system in terms of an 
operator f does not seem to be feasible. Therefore, we 
resort to the random phase approximation to discuss the 
physical implications of the conditions in eqs 110 and 111 
in such systems. Substituting the expressions of pug from 
eqs 87 and 88 into eq 111, we calculate the left-hand side 
of eq 111 as 

The right-hand side of eq 111 is obtained by interchanging 
the subscripts a and b in this equation. By comparing 
both sides one obtains p o a a / N a  = p o b b / N b .  Since poua = 
Nu/[ , ,  the equality [ a  = [ b  follows. The condition eq 109 
in an incompressible ternary mixture can be shown with 
RPA to be P a  = pb and Uaa = vbb = Vab ,  by expressing S,g 
in eq 109 in terms of u.8 and SO,e = N$,b,g in the bare 
system (see Appendix C). This result is consistent with 
gaa = g b b  = gab,  which we found using eq 114. Indeed, Uaa 
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= vbb = vab implies (see Appendix C) K ~ ,  = Kbc and Kab = 
0 for the Flory interaction parameters. If we require that 
the normal modes coincide with the interdiffusion and 
cooperative diffusion modes for a mixture of A and B in 
any matrix, then K ~ ,  = Kbc and Kab = 0 imply Waa = Wbb = 
Wab; Le., the interaction potentials Was between the pairs 
of A and B monomers are the same. 

I t  is interesting to calculate d+ = D, and d- = Din under 
these conditions in a ternary mixture using eqs 112 and 

= 5, we find for d+ = D,: 
113. Using Pa = P b  = p ,  Uaa = vbb = vab = U ,  and Ea = 56 
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the others. The diffusion equation for the mean values 
of the number densities is expressed as in eq 23, which is 
identical with the eq 2.25 

This result is identical with the interdiffusion coefficient 
of an incompressible binary mixture consisting of N chains 
with a polymerization index p and friction coefficient E ,  
and N ,  chains with p c  and E, interacting with each other 
with the Flory interaction parameter K .  Hence, it could 
have been written down directly from eq 95 with a proper 
identification of the A and B components in it. In the 
solution limit (Ne/&) - -, eq 115 reduces to d+ = D, = 
( k B T / [ p ) ( l -  ~ N P K ) ,  and in the bulk limit ( N c / f , )  - 0, it 
yields d+ = D, = (kBT/E,p,), which is the tracer diffusion 
coefficient of the matrix molecules. 

For d- = Din we obtain after some algebra d- = kBT/ fp ,  
which is the tracer diffusion coefficient of an A or B 
molecule in the mixture. 

In conclusion, the normal modes d+ and d- can be 
identified as the cooperative and interdiffusion modes only 
when the A and B chains are identical and distinguished 
from each other only by their labeling. There is no 
restriction on the properties of the matrix molecules. 
Dynamically, such a system is equivalent to an incom- 
pressible interacting binary mixture, in which A and B 
molecules together constitute one component and the 
matrix C is the second component. Therefore, the 
cooperative diffusion coefficient of the A and B compo- 
nents becomes identical with the interdiffusion coefficient 
in the equivalent binary system, and the interdiffusion 
coefficient of the A and B components relative to each 
other reduces to the tracer diffusion coefficient of the 
individual molecules in the mixture. If all the A and B 
molecules are labeled in a dynamic scattering experiment 
on such a system, then the measured scattering function 
S ~ ( q , t )  will relax only with one exponential mode with d+ 
= D,, which corresponds to the interdiffusion in the binary 
mixture. If, on the other hand, only the A component is 
visible to the probing radiation, then the measured 
dynamic scattering function Saa(q,t) will contain two 
exponential terms with decay constants D+ = Demp and 
d- = Din. In other words, the amplitudes of the modes 
depend on the labeling, but the relaxation frequencies are 
determined by the dynamics of the system, regardless of 
which part of it is visible to the scattered radiation. 

IX. Connection with the Onsager Formalism 
The transport properties of lattice gas models of alloys 

with two particle species and vacancies have been studied 
recently by Kehr et al.'5 and Jilge et a1.'6 using the linear 
Onsager theory of transport and computer simulations. 
In this section we briefly point out the connection between 
the linear response theory used in our work and the On- 
sager formalism. 

In both formalisms, one arrives a t  a bimodal description 
of the system by either eliminating the third component 
on the basis of local incompressibility or using the Markov 
limit when the third component relaxes much faster than 

in the work of Kehr et al.,15 in which c,( i , t )  is the local 
concentration. Therefore, we have to compare the ex- 
pressions for the components of the diffusivity matrix D 
in both formalisms. For the sake of comparison we 
reproduce the D ,  element (eq 2.24 of ref 15) obtained by 
Kehr et al. using the Onsager formalism 

where cv is the concentration of the vacancies and kBTx,a 
are the interaction potentials between a pair of particles. 
This has to be compared with 

given in eq 104 of this paper, where A = SmSbb - Sob2, and 
Sa@ are the long-wave limits of the partial static structure 
factors. In the RPA, Sbb and s a b  are given by (see Appendix 
C )  

+ Vaa 

and 

In the case of particles, the polymerization indices are 
unity. Hence with the identification NO - CA, N ,  - cv, 
and x a g  = w,B/kBT, the two equations, 116 and 117, 
become identical. We may conclude that the expression 
of Daa given in eq 117, based on the linear response theory, 
has a more fundamental basis than the one derived in the 
Onsager formalism. In the latter formalism, the static 
structure factors are already calculated in the framework 
of the mean field theory. The linear response theory used 
in this work also provides microscopic definitions of the 
Onsager coefficients hao (allowing extensions to q- and 
w-dependent Onsager coefficients), whereas, in the phe- 
nomenological theory, they are introduced as parameters. 

In conclusion, the two formalisms become identical once 
the mean field approximation is implemented in the 
microscopic theory. 

X. On the Extraction of a,, and Dcoop from 
Scattering Measurements 

In this section we address the following question: Is it 
possible to extract Di, and Dcoop from the measurement 
of the dynamic scattering function of a labeled component, 
i.e., Saa(q,t)? To answer this question we rewrite S,(q,t) 
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from eq 1, using eq 56, as 

[d+Saa(q) - kBTpaaleT4d-? (118) 
The measurement of S a a ( q , t )  yields d+, d-, and the 
amplitudes. Equation 118 shows that we can only de- 
termine Saa(q) and paat a t  a given q, from the amplitudes, 
in addition to d+ and d-. The general expressions of Di, 
and D,, in eqs 41 and 48, respectively, indicate that pbb, 
Nab, S d q ) ,  and S a b ( q )  are also needed for the calculation 
of Din and DCwp The knowledge of d+ and d- is not 
sufficient to determine these four unknowns, although it 
provides two relations among them, for d+ and d- are the 
eigenvalues of D. Hence we conclude that the interdif- 
fusion and cooperative diffusion coefficients cannot be 
extracted, in general, from the measurement of only 
S a a ( q , t ) .  If, in addition, s b b ( q , t )  is also measured on the 
same system, one can then determine pbb and S b b ( Q )  form 
the amplitudes Of S b b ( q , t )  (the decay constants d+ and d- 
are of course the same for both Saa(q , t )  and S b b ( Q , t ) ) ,  and 
it may be possible to calculate @ab and S a b ( q )  from the 
knowledge of d+ and d- (eq 10) and infer Din and D,, 
from these two measurements. 

In some special systems, however, one experiment may 
be sufficient. This is the case in an incompressible binary 
mixture of A and B homopolymers, where paa = pbb = -Pab 
and Sa, = S b b  = 7% holds. We have shown above (see 
the discussions following eq 108) that d+ = 0,' = D,,, d- 
= Din where Din is given explicitly in eq 95, in thls system. 
Furthermore, eq 41 yields in this case 

Din = k (119) 
Saa 

When this information is used in eq 118, one finds that 
the amplitude of the d+ mode vanishes, and S a a ( q , t )  
becomes 

as we have already pointed out. 
In the framework of the RPA, we can discuss the other 

extreme in which the parameters N ,  and D, of the matrix 
component satisfy the inequality in eq 94. In this limit 
the mobilities in the interacting system are approximated 
by the mobilities in the bare system (see eqs 87 and 88) 

number of the unknowns needed for the calculation of Din 
and D,,, is reduced from six to five, a single dynamic 
scattering experiment on only one labeled component is 
still not sufficient to extract Din and De,, from the 
measured amplitudes and decay constants. If the inter- 
action between the A and B species can be ignored so that 
Sab(9) = 0, then the measurement of Saa(q,t) only would 
be sufficient. 

XI. Summary and Conclusions 
We have shown in this paper that the two exponential 

modes observed in dynamic scattering experiments in the 
diffusive regime (Markov limit) on bimodal systems (Le., 
a binary solution of A and B homopolymers or an 
incompressible ternary mixture of A and B homopoly- 
mers in a matrix of C homopolymers) cannot in general 
be identified as the interdiffusion and cooperative diffusion 
modes. We have arrived at this conclusion by first defining 
the interdiffusion (Din) and the cooperative diffusion 
(D,,) coefficients for a given pair of components A and 
B, in the presence of other components (or solvent). In 

SO that pas = poaa, pbb = and pab = 0. Although the 

Identification of Modes in Dynamic Scattering 4419 

these definitions, the two diffusion coefficients are ex- 
pressed in terms of the relaxation frequencies of fluctu- 
ations in the local relative concentrations and in the total 
number density of the monomers belonging to A and B 
components. Furthermore, Di, and D,, are related in 
these definitions to the mobilities pM, pbb,  and pab and the 
partial structure factors S,(q), S b b ( q ) ,  and S a b ( q )  asso- 
ciated with the components A and B. We have then 
compared Di, and D,,, with the decay rates q2d+ and q2d- 
of the two modes, where d+ and d- are the eigenvalues of 
the diffusivity matrix D, and found that d+ and d- are 
different from D,, and Di, in general. This was illustrated 
by several examples of binary suspensions of spherical 
particles. We have, however, obtained conditions on pa@ 
and Sa@ (a, j3 = a, b), under which D,, = d+ and Di, = 
d-. The physical implication of these conditions is that 
the chains of the components must be identical, both 
dynamically and statistically, in the sense that the 
monomers must have the same friction coefficient, the 
chain lengths must be the same, and the pair correlation 
functions associated with the center of mass positions of 
a-a, b-b, and a-b, monomer pairs must be equal to each 
other. In other words, A and B chains must differ from 
each other only by their labeling. In this very special case, 
Din becomes identical with the tracer diffusion coefficient. 

We have also shown that Di, and D,, cannot be in 
general inferred from the measurement of a single dynamic 
scattering function Saa(q,t). In such an experiment, the 
two amplitudes and the two relaxation frequencies are 
extracted from the data, thereby providing for four 
relations among the six unknowns pa@ and Sa@ that are 
needed to calculate Di, and DCmp One needs therefore 
another experiment, in which the second component is 
labeled, so that S b b ( q , t )  can provide the additional 
information for the calculation of Di, and D,,. 

The above conclusions are not based on the RPA and 
are applicable to both solutions and incompressible ternary 
polymer mixtures. More specific results have been ob- 
tained by expressing the mobilities pug and partial structure 
factors Sa&) in terms of their counterparts in the bare 
system, within the framework of RPA. Among other 
things, a new expression for the interdiffusion coefficient 
of the A and B components, in the presence of a matrix 
of C homopolymers, has been obtained in terms of the 
tracer diffusion coefficients of all the three components. 
This result contains, as two limiting cases, the results of 
both the "slow mode" and "fast mode" theories, in which 
Din is expressed in terms of the tracer diffusion coefficients 
of A and B polymers only. The slow mode theory is 
recaptured in our treatment when the matrix component 
is gradually removed, resulting in an incompressible binary 
mixture of A and B polymers. The fast mode theory on 
the other hand emerges in the opposite limit of large matrix 
concentration or in the limit of large tracer diffusivity of 
the matrix molecules or both. This limit may be pictured 
physically either as a dilute solution of A and B polymers, 
in which the matrix corresponds to the solvent, or as a 
compressible mixture of A and B polymers, in which the 
matrix has a very high mobility, as would be the case with 
vacancies, for example. If, for qualitative interpretation 
of these two limits, the vacancies are treated as the matrix 
in a ternary mixture (by certainly stretching the validity 
of the RPA), then one would expect a gradual transition 
from the fast mode theory to the slow mode theory when 
the vacancy concentration, or the compressibility of the 
mixture, is reduced.16 

In this paper we considered only mixtures of homopoly- 
mers. A solution of A-B block copolymers, or a ternary 
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introduced in eq 7, where the scalar product of two 
arbitrary dynamical variables A and B is taken to be the 
equilibrium average of the product AB*. The modified 
operator (1 - P ) L ,  which determines the time evolution 
of the*Langevin force f(ij,t), is also self-adjoint in the 
complementary space of functions A satisfying P A  = 0. 
The reality of the elements of p, as well as those of the 
static structure matrix S, is a consequence of the symmetry 
of the mixture, Le., of the fact that the equilibrium 
distribution $ep(Rij) of the vector distance Rij between a 
pair of monomers depends only on IRijla The positive 
definiteness of p, however, depends on the properties of 
the operator I. For example, if the memory function ln 
eq 4 is ignored, A is equal to the short-wave limit of ( p -  
( i j ) L p ( i j ) t ) ,  which is a common approximation often 
introduced in the explicit calculations of A or p. In this 
case, the positive definiteness of A immediately follows 
from the positive definiteness of the Kirkwood diffusion 
operator I, used in the description of the dynamics of 
polymer solutions, as proven by Doi and EdwardseM It 
may be possible to prove the positive definiteness of A 
also in the presence of the memory matrix in eq 4, by using 
the properties of the modified operator (1 - P ) L  in the 
complementary space. Since it is not directly relevant to 
the main point we want to make in this paper, we do not 
attempt to give here this proof. Instead, we simply assume 
that p is positive definite on physical grounds, for the 
system is overdamped. 

incompressible mixture consisting of A-B block copoly- 
mers in a homopolymer matrix, requires special attention 
because the relative motion of the parts of the block 
copolymers involves the internal modes of the entire 
copolymer chains and cannot be treated in the Markov 
limit. Although the procedure described in this paper is 
readily applicable to the identification of the modes in 
such systems also, by replacing the diffusivity matrix D 
by the first cumulant matrix O(q) there are still some new 
concepts to be introduced, such as the short-time and long- 
time mobilities, due to the difference in the relaxation 
times of the internal and external motions of the chains. 
We therefore postpone this topic to a future publication. 

Appendix A. Properties of the Matrix Q 
The matrix Q, which diagonalizes the diffusivity matrix 

D by a similarity transformation (see eq 9), also diago- 
nalizes the static structure matrix S by a congruent 
transformation. The proof rests on the fact that DS = 
kBTp is a symmetrix matrix, Le. 

DS = SDT (-4.1) 
We note that S is symmetric but D is not. Bracketing 
both sides of eq A.l by Q and QT, we find 

Q D S Q ~  = Q S D ~ Q ~  
or 

QDQ-'QSQT = QSQT[QT]-'DTQT 
Using QDQ-' = d and QSQT = s we arrive at 

ds = sd (A.2) 
in which d is diagonal. In component form, eq A.2 reads 
disij = sijdj, which proves that sij = 0 when i # j ,  provided 
that di # dj, Le., provided that the eigenvalues dj are all 
distinct. The diagonal elementssjareall positive for QSQT 
= s implies, with the usual sum convention, QijSjkQik = 
Si and the static structure matrix S is positive definite. 
The latter property is expressed as PtSj, > 0 for any 
arbitrary column matrix j ,  with complex elements y k ,  
provided j ,  # 0. Identifying Yk as Qik ( k  = 1, 2, ..., n), for 
each index i characterizing Si, we_ arGve at  si > 0. The 
positive definitgness of S(q) = ( p ( Q ) p t ( i j ) )  follows from 
j,tS(q)P = (lPt~(ij)1~). The right-hand $de is always 
positive provided all the elements pj(ij) of p ( i j )  are finite. 
This is indeed the case because the pj(4)s denote the 
number densities of the components, which are relevant 
to the physical problem. 

In order to discuss the nature of the eigenvalues di of 
the diffusivity matrix D, we express D as (see eq 39) D 
= AS-' where the elements of A are the Onsager coeffi- 
cients. I t  is A = kBTp ,  where p is the mobility matrix. We 
now have two real and symmetric n X n matrices A and 
S, and S is also positive definite and therefore nonsin- 
gular. According to a theorem in matrix algebra,S2 there 
is a nonsingular real square matrix R such that 

R S R ~  = I 
RART = d 

where d = diag (dl, ..., d,) and I denotes the identity matrix. 
The diagonal elements dj are the roots of the determinant 
equation Id9 - AI = 0. The latter can be written as Id1 - 
DllSl = 0. Since S is nonsingular it follows that Id1 - DI 
= 0. Hence the dp, j = 1,2, ..., n are also the eigenvalues 
of D. We see that the dj are all positive provided that the 
mobility matrix p is positive definite (see the proof of si 
> 0 given above). The symmetry of p is a consequence of 
the self-adjointness of the time-evolution operator L 

Appendix B. Derivation of Equation 44 

The derivation can be presented quite generally for any 
density function p(Q)  satisfying the continuity equation 

b(P,t) = iqJ(ij,t) (B.1) 
where J(ij,t) is the longitudinal component of the current 
&,t) associated with p(Q, t )  and the dot denotes differ- 
entiation with respect to time t. We are interested in the 
correlation function of J(ij,t) in the long-wave limit: 

(B.2) . ,  
q - 0  q2 at2 

whereS(q,t) E (p( i j , t )p* ( i j ,O) )  and where we have used the 
property that for any dynamic variable 

a2 
at 

(A(t)A(O)) - ,(A(t)A(O)) 

The time integral of eq B.2 is 
i a  

q-O q2 at 
J'du (J(u)J*(O)) = - lim - -S(q,t) (B.3) 

where 

has been used. This is a consequence of the time revers- 
ibility, i.e., (A(t)A(O))  = (A(- t )A(O))  for any dynamical 
variable obeying the Liouville equation. Hence, the long- 
time limit of eq B.3 is 

which is used in eq 44. The right-hand side can be 
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expressed in the Laplace domain as 

Identification of Modes in Dynamic Scattering 4421 

of the excluded volume matrix v(q) are given by 

- lim lim C [ z ~ ( q , z )  - ~ ( q ) ]  

By introducing the q- and z-dependent diffusivity function 
D(q,z) through 

2 - 0  q--O q2 

S(q) 
z + q2D(q,z) 

S(q,z) = 

we find 

Jmdu (J(u)J*(O)) = lim lim 
2 - 0  q - 0  

= D(q-.O,z-.O)S(q-.O) 

Appendix C. Results of the RPA in 
Multicomponent Mixtures 

We summarize the results of the RPA for the calculation 
of the mobilities and the partial static structure factors in 
a mixture of polymers with an arbitrary number of 
components. These results have been obtained recently 
by Akcasu and Tombakoglu:ll The RPA results for the 
mobilities are 

(C.1) 
1 1  1 -=-+ 

0 0 
P aa Pobb + poCc + P dd + 

The mobilities kojj in the bare system, i.e., a system of 
noninteracting chains without an incompressibility con- 
straint, are given by 

(C.3) 

provided that the single-chain dynamics in the mixture is 
approximated by the Rouse dynamics. In eq (2.3, Nj 
denotes the total number of the monomers belonging to 
the j th  component, and [ j  is the friction coefficient per 
monomer in the mixture. The latter is related to the tracer 
diffusion coefficient of a j th  molecule by 

(C.4) 

where pj is the index of polymerization. A remark about 
the normalization of the mobilities in eq C.3 is in order 
here. Since the physical relaxation frequencies involve 
the ratio of the mobilities to the static structure factors, 
one is free to choose their normalizations as long as they 
are consistent. The particular normalization used in eq 
C.3, which makes POjj an extensive quantity, is consistent 
with the normalization used in eq C.6 for Sojj(q). Its choice 
is only for mathematical convenience. The RPA result 
for the static structure factor matrix is34 

(C.5) 

where the sojk are the partial static structure factors 
involving a pair of chains belonging to the components j 
and k, respectively. If the pair of chains involves ho- 
mopolymers, sojk(q) = 0 for J’ # k and 

pjj(q)  = N j p j P ~ ( ( q R ~ j ) ’ )  (C.6) 
where PD((qRGj)’) is the Debye function. The elements 

(for any pair “a” and “b”) ((2.9) 
In these equations, the component “c” consists of ho- 
mopolymers and is singled out as the “matrix” in the 
mixture. Hence the components of S ( q )  and So(q) in eq 
C.5 do not include the c component. Equation C.5 is an 
(n - 1) X (n - 1) matrix equation in a mixture of n 
components, because the matrix has been eliminated by 
using the incompressibility constraint. The Flory pa- 
rameters Kab are related to the Fourier transforms Wab(q) 
of the pair interaction potential Wab(r) per monomer for 
a pair of a and b monomers. Due to the Fourier transform, 
Wab(q) has units of energy X volume, so that Kab is 
dimensionless. In eq C.8, Soc,(q) is normalized such that 
Socc(q=O) = Ncpc, and hence the excluded volume pa- 
rameters U j k ( Q )  are also dimensionless. Finally, in the 
derivation of eqs C.8 and C.9, the segmental volumes are 
taken to be the same for all species (see the Appendix of 
ref 11). 
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